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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
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rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The study is aimed at theoretical, experimental and computational determination of the coefficients in crack tip asymptotic expan-
sions for a wide class of specimens under mixed mode loading conditions. Multiparametric presentation of the stress ﬁled near
the crack tips for a wide class of specimens is given. Theoretical, experimental and computational results obtained in this research
show that the isochromatic fringes in the vicinity of the crack tip require to keep the higher order stress terms in the asymptotic
expansion of the stress ﬁeld around the crack tip since the contribution of the higher order stress terms (besides the stress intensity
factors and the T-stress) is not negligible in the crack tip stress ﬁeld. One can see that the higher order terms of the asymptotic
expansion are important when the stress distribution has to be known also farther from the crack tip and it is necessary to extend the
domain of validity of the Williams solution. It is shown that at large distances from the crack tips the effect of the higher order terms
of the Williams series expansion becomes more considerable. The knowledge of more terms of the stress asymptotic expansions
will allow us to approximate the stress ﬁeld near the crack tips with high accuracy.
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1. Introduction. Review of advances in photoelasticity in fracture mechanics analysis
Photoelasticity is a nondestructive, whole-ﬁeld, graphic stress-analysis technique based on an optomechanical
property called birefringence, possessed by many transparent polymers. Combined with other optical elements and
illuminated with an ordinary light source, a loaded photoelastic specimen (or photoelastic coating applied to an or-
dinary specimen) exhibits fringe patterns that are related to the difference between the principal stresses in a plane
normal to the light propagation direction (Ayatollahi et al. (2011), Surendra and Simpa (2013)).
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The method of photoelasticity is used extensively for investigating elastic stress ﬁeld in cracked specimens (see
Surendra and Simpa (2013), Ayatollahi et al. (2011), Vesely et al. (2015), Saravani and Azizi (2011)). The experi-
mental approach was applied to various stress analysis problems in order to provide crucial information for mechanical
failure and design evaluation purposes.
Inspired by the Brazilian disk geometry Surendra and Simha (2013) examined the utility of an edge cracked semi-
circular disk (ECSD) specimen for rapid assessment of fracture toughness of brittle materials using compressive
loading. It is desirable to optimize the geometry towards a constant form factor F for evaluating KI . In this investiga-
tion photoelastic and ﬁnite element results for KI evaluation highlight the effect of loading modeled using a Hertzian.
A Hertzian loading subtending 4◦ at the center leads to a surprisingly constant form factor of 1.36. This special case
was further analyzed by applying uniform pressure over a chord for facilitating testing.
The experimental technique of photoelasticity has been utilized by Ayatollahi et al. (2011) for calculating bi-
material notch stress intensities as well as the coefficients of higher order terms. Employing the equations of multi-
parameter stress ﬁeld allows data collection from a larger zone from the notch tip and makes the data collection from
experiments more convenient. Moreover, the effects of higher order terms in the region near the notch tip are taken into
account. For the photoelasticity experiments, a laboratory specimen known as the Brazilian disk with a central notch,
consisting of aluminum and polycarbonate, has been utilized. Using this specimen, different mode mixities could
be easily produced by changing the loading angle. The bi-material notch stress intensities and the ﬁrst non-singular
stress term (called T -stress) were then calculated for different test conﬁgurations. In order to utilize the advantages of
whole-ﬁeld photoelasticity and minimize the experimental errors, a large number of data points were substituted in
the multiparameter stress ﬁeld equations. Then the resulting system of nonlinear equations was solved by employing
an over-deterministic least squares method coupled with the Newton - Raphson algorithm. It has been shown that
considering the T -stress term improves, to a large extent, the accuracy of the stress intensities calculated through the
photoelasticity technique. Moreover, by reconstructing the isochromatic fringes, the effects of the T -stress term on the
shape and size of these fringes around the notch tip were investigated for a 30◦ notch. In (Ayatollahi et al. (2011))
the experimental photoelasticity results were compared with the corresponding values obtained from ﬁnite element
analysis and a good correlation was observed.
The V-notches are most possible case for initiation of cracks in parts. The speciﬁcations of cracks on the tip of
the notch will be inﬂuenced via opening angle, tip radius and depth of V-notch. In this study, the effects of V-notchs
opening angle on stress intensity factor and T-stress of crack on the notch has been investigated. The experiment has
been done in different opening angles and various crack length in mode (I) loading using Photoelasticity method. The
results illustrate that while angle increases in constant cracks length, SIF and T -stress will decrease. Beside, the effect
of V-notch angle in short crack is more than long crack. These V-notch affects are negligible by increasing the length
of crack, and the cracks behavior can be considered as a single-edge crack specimen. Finally, the results have been
evaluated with numerical ﬁnite element analysis and good agreement was obvious.
Saravani and Azizi (2011) considered the V-notch specimens which are most possible case for initiation of cracks
in parts. The speciﬁcations of cracks on the tip of the notch will be inﬂuenced via opening angle, tip radius and depth
of V-notch. In this study, the effects of V-notchs opening angle on stress intensity factor and T-stress of crack on the
notch has been investigated. The experiment has been done in different opening angles and various crack length in
mode (I) loading using Photoelasticity method. The results illustrate that while angle increases in constant cracks
length, SIF and T -stress will decrease. Beside, the effect of V-notch angle in short crack is more than long crack.
These V-notch affects are negligible by increasing the length of crack, and the cracks behavior can be considered as a
single-edge crack specimen. Finally, the results have been evaluated with numerical ﬁnite element analysis and good
agreement was obvious.
Vesely et al. (2015) studied a quality of multi-parameter approximation of the stress and displacement ﬁelds around
a crack tip in a non-brittle material test specimen. The stress ﬁeld approximation using Williams power series is
intended to be utilized for estimation of the nonlinear zone extent which potentially plays a role within methods for
determination of true values of fracture parameters of materials exhibiting nonlinear failure. Considering the fact that
in the case of elastic-plastic and especially quasi-brittle materials the size of this zone is substantial in comparison
to the specimen dimensions, it is necessary to take a large region around the crack tip into account for this task. An
automatic utility created to determine the values of coefficients of the higher order terms of Williams power series by
usage of over-deterministicmethod applied on results of ﬁnite element analysis of arbitrary mode I test geometry is one
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of the tested procedures. According to Vesely et al. (2015) the second procedure provides a backward reconstruction of
the crack-tip stress ﬁeld analytically by means of truncated Williams expansion. The developed procedures are based
on the support of Java programming language and considerably simplify analyses of the mechanical ﬁelds description
in a farther distance from the crack-tip. The research (Vesely et al. (2015)) is focused on optimization of selection of
FE nodal results for improvement of accuracy of the approximation.
In the present study the multiparametric description of the near crack tip ﬁelds under mixed mode loading is
presented. The description of the stress ﬁeld near the crack tip is based on the phototelasticity technique and ﬁnite
element method.
2. Developments in the description of the stress ﬁeld equations near the crack tip
Characterization of crack tip stresses has been an area of active research for many decades (see, for instance,
Willams (1957), Lychak and Holyns’kyi (2016), Stepanova (2008a), Hua et al. (2015), Berto and Lazzarin (2013)
Stepanova (2009), Malikova and Vesely (2015), Sestakova (2013), Sestakova (2014), Stepanova (2008), Stepanova
and Fedina (2008), Stepanova and Igonin (2015)). M. Williams in his landmark paper (Willams (1957)) showed that
the crack tip stress ﬁelds in an isotropic elastic material can be expressed as an inﬁnite series where the leading term
exhibits a r−1/2 singularity and the second term is independent of r. Since then, the Williams series expansion appears
to be the most favored analytical tool for the description of mechanical ﬁelds near crack-tips in planar domains and
presents a general framework for the description of the stress ﬁeld in the vicinity of the crack tip in an isotropic linear
elastic medium:
σi j(r, θ) =
2∑
m=1
∞∑
k=−∞
amk f
m,i j
k (θ)r
k/2−1 (1)
with index m associated to the fracture mode; amk coefficients related to the geometric conﬁguration, load and mode;
f m,i jk (θ) angular functions depending on stress components and loading mode. Analytical expressions for circumfer-
ential eigenfunctions are available in (Hello et al. (2012))
f 1,11k (θ) = k
[
(2 + k/2 + (−1)k) cos(k/2 − 1)θ − (k/2 − 1) cos(k/2 − 3)θ
]
/2,
f 1,22k (θ) = k
[
(2 − k/2 − (−1)k) cos(k/2 − 1)θ + (k/2 − 1) cos(k/2 − 3)θ
]
/2,
f 1,12k (θ) = k
[
−(k/2 + (−1)k) sin(k/2 − 1)θ + (k/2 − 1) sin(k/2 − 3)θ
]
/2,
f 2,11k (θ) = −k
[
(2 + k/2 − (−1)k) sin(k/2 − 1)θ − (k/2 − 1) sin(k/2 − 3)θ
]
/2,
f 2,22k (θ) = −k
[
(2 − k/2 + (−1)k) sin(k/2 − 1)θ + (k/2 − 1) sin(k/2 − 3)θ
]
/2,
f 2,12k (θ) = k
[
−(k/2 − (−1)k) cos(k/2 − 1)θ + (k/2 − 1) cos(k/2 − 3)θ
]
/2.
(2)
To each cracked geometry a sequence of coefficients depending on the geometry and the system of loads exists.
Analytical deﬁnitions of the coefficients are widely available for the ﬁrst two terms leading to the ﬁnite energy in
the crack tip region (the stress intensity factors, the T -stress). However a higher order representation of the stress
ﬁeld around the crack or sharp notch requires determination of the coefficients of higher order terms for the each
cracked conﬁguration. Recent investigations (Hello et al. (2012), Hello and Tahar (2014), Stepanova (2008a),
Stepanova (2009)) revealed that non-singular terms can have a signiﬁcant effect on the stress ﬁeld description for
different cracked specimens. The coefficients of crack tip stress expansions can be calculated analytically only for
very simple cases. Thus it is important to have analytical expressions for the coefficients of the higher-order terms
of Williams expansion for different cracked specimens and loads (Holyns’kyi (2013), Mirlohi and Aliha (2013),
Stepanova and Igonin (2014), Stepanova and Igonin (2015)).
3. Photoelasticity method experiments and types of the test specimens investigated
In this study photoelastic and numerical analysis of a series of test specimens are performed. Using the photoe-
lasticity method the near crack tip ﬁelds in the cracked specimens under mixed mode loading are obtained. The test
specimens and isochromatic fringe patterns obtained experimentally are shown in Figs. 1 – 4. We analysed the plates
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a) b) c)
Fig. 1. Isochromatic fringe patterns in the specimens with two collinear cracks: (a) P=0.75kg; (b) P=0.85kg; (c) P=0.95kg.
a) b) c)
Fig. 2. Isochromatic fringe patterns in the specimens with two parallel cracks: (a) P=0.75kg; (b) P=0.85kg; (c) P=0.95kg.
a) b) c)
Fig. 3. Isochromatic fringe patterns in the semicircular disk with crack: (a) P=0.75kg; (b) P=0.85kg; (c) P=0.95kg.
with two collinear cracks under mixed mode loading, semicircular disks with notches under mixed mode loading
conditions.
The stress optic law relates the fringe order N and the principal stress as
N fσ/h = σ1 − σ2, (3)
where fσ is material fringe value and h is the model thickness. For a plane stress problem the principal stress are
σ1, σ2 = (σ11 − σ22) /2 ±
√
(σ11 − σ22)2/4 + σ212. (4)
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a) b) c)
Fig. 4. Isochromatic fringe patterns in the semicircular disk with inclined crack: (a) P=0.75kg; (b) P=0.85kg; (c) P=0.95kg.
Table 1. Calculated coefficients of the complete Williams asymptotic expansion near the right crack tip in the plate with collinear cracks.
l (cm) 0.55 0.55 0.55 0.55 0.55
d (cm) 1.11 1.65 2.75 3.85 5.5
a11, kg/(cm)
3/2 0.024999 0.137751 0.440187 0.723774 1.134518
a13, kg/(cm)
5/2 0.439027 0.367171 0.263622 0.195011 0.113230
a15, kg/(cm)
7/2 0.177131 0.120602 0.065929 0.036518 0.003762
a17, kg/(cm)
9/2 0.073828 0.042985 0.019801 0.007275 −0.007974
a19, kg/(cm)
11/2 0.076167 0.038729 0.017787 0.008457 −0.001948
Substituting Eq. 4 into 3 a function gm is deﬁned for the mth data points as follows
gm = [(σ11 − σ22)/2]2m + (σ12)2m −
[
Nm fσ/2
]2 (5)
If Eq. 1 is substituted into Eq. 5, then Eq. 5 is non-linear in terms of the unknown a11, a
1
2, ... a
1
M, and a
2
1, a
2
2, ... a
2
L,
where M is the number of the Mode I parameters and L is the Mode II parameters considered. To obtain the unknown
coefficients of the complete Williams asymptotic expansion the over-deterministic technique proposed by Ramesh
et al. (1997) and developed by Akbardoost and Rastin (2015) and Ayatollahi and Nejati (2010) is used. If initial
estimates are made for a11, a
1
2, ... a
1
M , and a
2
1, a
2
2, ... a
2
L and substituted into Eq. 5 it is possible that gm is not equal to zero
since the estimates may not be accurate, To correct the estimates the equations founded on a Taylor series expansion
of gm is formulated as
(gm)i+1 = (gm)i +
∂gm
∂a11
∆a11 +
∂gm
∂a12
∆a12 + ... +
∂gm
∂a1M
∆a1M +
∂gm
∂a11
∆a21 +
∂gm
∂a22
∆a22 + ... +
∂gm
∂a1L
∆a2L, (6)
In accordance with the over-deterministic method corrections are determined such that (gm)i+1 = 0 and thus Eq. 6
becomes
−(gm)i =
∂gm
∂a11
∆a11 +
∂gm
∂a12
∆a12 + ... +
∂gm
∂a1M
∆a1M +
∂gm
∂a11
∆a21 +
∂gm
∂a22
∆a22 + ... +
∂gm
∂a1L
∆a2L.
The calculated coefficients a1k for the plate with two crack are given in Tables 1 – 4, where 2l is the crack length (Fig.
1), d is the distance between the centers of the cracks.
Using the experimentally obtained coefficients it is possible to ﬁnd the near crack tip stress ﬁeld at different dis-
tances from the crack tip. The circumferential distributions of the stress components σ22 near the right crack tip at
different distances from the crack tip are shown in Figs. 5 – 7, where a is the coordinate of the left crack tip. One
can see that the higher – order terms of the asymptotic expansion are important when the stress distribution has to
be known also farther from the crack tip and it is necessary to extend the domain of validity of the Williams series
solution. It can be seen that the domain in which the accuracy of the Williams solution expands with increase of the
number of terms in the asymptotic expansion taken into account.
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a) b)
Fig. 5. Angular distributions of the stress components σ22 near the right crack tip in the specimen with two collinear cracks at different distances
from the crack tip: (a) rˆ = 0.05, (b) rˆ = 0.15.
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Fig. 6. Angular distributions of the stress components σ22 near the right crack tip in the specimen with two collinear cracks at different distances
from the crack tip: (a) rˆ = 0.25, (b) rˆ = 0.45.
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Fig. 7. Angular distributions of the stress components σ22 near the right crack tip in the specimen with two collinear cracks: (a) rˆ = 0.65, (b)
rˆ = 0.65.
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Table 2. Calculated coefficients of the complete Williams asymptotic expansion near the right crack tip in the plate with collinear cracks.
l (cm) 0.6 0.6 0.6 0.6 0.6
d (cm) 1.21 1.8 3 4.2 6
a11, kg/(cm)
3/2 0.128680 0.218548 0.508644 0.792393 1.211366
a13, kg/(cm)
5/2 0.384946 0.330106 0.240954 0.179077 0.103398
a15, kg/(cm)
7/2 0.136558 0.096115 0.053307 0.029163 0.001468
a17, kg/(cm)
9/2 0.051794 0.031163 0.014386 0.004851 −0.007077
a19, kg/(cm)
11/2 0.048675 0.025643 0.011909 0.005475 −0.001929
Table 3. Calculated coefficients of the complete Williams asymptotic expansion near the right crack tip in the plate with collinear cracks.
l (cm) 1 1 1 1 1
d (cm) 2.1 3 5 7 10
a11, kg/(cm)
3/2 0.573518 0.606721 0.869142 1.181335 1.678622
a13, kg/(cm)
5/2 0.212717 0.199800 0.156793 0.118811 0.067022
a15, kg/(cm)
7/2 0.035630 0.029459 0.017663 0.009047 −0.002181
a17, kg/(cm)
9/2 0.007585 0.005479 0.002563 0.000413 −0.002594
a19, kg/(cm)
11/2 0.004019 0.002647 0.001312 0.000487 −0.000600
Table 4. Calculated coefficients of the complete Williams asymptotic expansion near the right crack tip in the plate with collinear cracks.
l (cm) 2 2 2 2 2
d (cm) 4.1 6 10 14 20
a11, kg/(cm)
3/2 1.410514 1.331962 1.689415 2.183320 3.006840
a13, kg/(cm)
5/2 0.094512 0.099218 0.081908 0.062850 0.034923
a15, kg/(cm)
7/2 0.003899 0.004208 0.002717 0.001309 −0.000695
a17, kg/(cm)
9/2 0.000255 0.000249 0.000118 −0.000004 −0.000186
a19, kg/(cm)
11/2 0.000041 0.000039 0.000021 0.000006 −0.000016
4. Summary
In this research, photoelasticity is employed to assess the complete Williams series coefficients of the linear elastic
stress ﬁeld in the vicinity of the crack tip for a wide class of experimental specimens subject to mixed mode loading:
an edge cracked semicircular disk (ECSD) specimen, plates with two collinear cracks under tensile loading, pure
shear loading and mixed mode loading. Recent studies show that the coefficients of higher order terms can play an
important role in fracture process in notched and cracked structures. The approach developed allows us to construct
all the higher order terms in the asymptotic expansions in order to better approximate stress ﬁeld. We use the ECSD
compact compression specimen with a horizontal crack and an inclined crack and the plate with two collinear cracks
under mixed mode loading to construct the complete multi-parameter asymptotic expansion of the stress ﬁeld in the
vicinity of the crack tip.
By means of photoelasticity the distribution of the isochromatic fridge patterns and the stress ﬁeld near the crack
tip based on the complete Williams asymptotic expansion for various classes of the experimental specimens under
mixed mode loading are obtained. In the present contribution fracture mechanics problems regarding the study of
the stress and displacement ﬁelds around a crack tip under mixed mode loading are discussed in the framework of
photoelastic techniques and an over-deterministic method for calculation of the coefficients of crack tip asymptotic
ﬁeld. The comparison of the experimental results and the calculations performed with ﬁnite element analysis has
shown the importance and signiﬁcant advantages of photoelastic observations for the multiparametric description of
the stress ﬁeld in the neighborhood of the crack tip.
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